In the present paper the result of numerical simulations of the model based on the Hodgkin-Huxley formalism with bistability between hidden and rare attractors in the presence of noise are studied.
INTRODUCTION
Multistability and coexistence of dynamical regimes are important properties of cell, neuron, neuron networks and another biological models [1, 2, 3, 4, 5, 6, 7] . For different applications such property is important for some sense, for instance, for cell multistability can play role of the multypotentiaty, in [8, 9] authors talk about cancer attractors. If we talk about neuron networks the importance of this property, firstly, connected with interaction in ensembles of such kind systems. It is well-known various phenomena manifested in ensembles of coupled oscillators, as result of their interaction, which can lead to some positive or negative results due their interaction. It has been shown that synchronization plays a key role in the pathogenesis of several neurological diseases, such as Parkinson's disease and essential tremor, i.e. [10, 11, 12, 13] . For example, it is hypothesized that Parkinsonian symptoms result from asynchronized pacemaker-like activity of a population of many thousands of neurons in the basalganglia [14, 15] . Another fundamental emergent phenomenon in ensembles of coupled system is oscillation quenching [16] . The importance of this phenomenon connected with the fact that oscillation suppression or disruption of oscillations is significantly relevant in pathological cases of neuronal disorders such as Alzheimer's and Parkinson's disease. Multistability influents on the dynamics, and in some situation can lead to desynchronization [17] .
Noise caused by fluctuations at the molecular level is a fundamental part of intracellular and another biological processes. For the systems with multistability the presence of noise can be caused of the switching or another changing of the dynamical behavior as single unit in the network, as whole network or may be formation of some clusters [18, 19, 20, 21] . In the recent work [21] the way of controlling of cell state by noise was shown.
In recent paper [22] was made a big review of so called hidden attractors. In corresponding with [22] all attractors can be classified into self-excited and hidden. Hidden attractors represent special kind of attractors which are not associated with equilibrium state. It has been shown that multistability is close connected with hidden and rare attractors [22, 23] . The basins of attraction of the hidden attractors do not contain unstable fixed points and are located far away from such points. If an attractor has very small basin of attraction is called rare attractors. Rare attractors usually is very sensitive to noise and can be destroyed by noise or some perturbations.
In the recent paper [24] we introduce a modification of well-known Sherman model [25] , where the coexistence of bursting and silent states (bursting attractor and stable equilibrium point) was observed. In our modification bursting attractor is hidden attractor in respect to stable equilibrium. But the basin of attraction of stable equilibrium is very small. So, we have coexistence of rare and hidden attractors. In the present paper we would like to study the influence of noise on the such kind model. In Sect. 2 we present our modified model and its main parameters and description. In Sect. 3 we consider this model with white noise, and make estimation of switching in the case when one of the coexisting attractors is rare. 
Object of studying: modified Sherman
As basis of the present analysis we will use the following simplified model of the beta-cells suggested by Sherman and Rintzel [25] :
Here, V represents the membrane potential of the cell, n is the fraction of open voltage-gated K + -ion channels. Functions I Ca (V ), I K (V, n) define two intrinsic currents: fast calcium, I Ca and fast potassium, I K :
S is the fraction of open voltage-gated Ca 2+ -ion channels, which directly acts on the concentration of Ca 2+ . The third current I S (V, S) is a Ca 2+ -sensitive slow potassium current, which is directly activated by Ca 2+ .
The gating variables for n and S are the opening probabilities of the fast and slow potassium currents:
In the Table 1 there are parameters corresponding to the bursting dynamics of the model (1).
The model (1) has one equilibrium point which undergoes Hobf bifurcation at V S = −44.7 mV. Simultaneously with Hopf bifurcation in model birth bursting attractor. As was shown in [24] Sherman model (1) can be modified in such way, that unstable equilibrium point will be stabilized through sub-critical Hopf bifurcation and, consequently, there will be co-existence of bursting attractor and stable equilibrium point. To realize stabilization of the equilibrium point a new voltage-dependent potassium current that varies strongly with the membrane potential right near the equilibrium point was proposed. Introducing of such kind channel can change the sign of the slope of the fast manifold at the equilibrium point (and hence its stability) without affecting the global flow in the model. The form of the new potassium current is the next:
where
All the parameters of the original model (1) can be maintained. Thus, modified Sherman model has form:
This model has three additional parameters g K2 , V p , θ p which characterize new ion channel. And for this model can coexist bursting attractor and stable equilibrium point for certain values of this parameters, in detail see [24] . Such kind of modification of the model can be explained, for instance, by the blocking of K + -ion channel, or it inactivation, when voltage on the membrane reach threshold for activation, but the probability of opening channel not equal to 1, and with increasing voltage probability goes to zero [26, 27] .
Let us demonstrate coexisting regimes. We fix the new parameters in the following way:
For this parameters the model (7) has one stable equilibrium point (V 0 , n 0 , S 0 )=(-49.084, 0.0027105, 0.19648). In Fig. 1 examples of coexisting attractors with (8) are presented. In Fig. 1 a) fast-slow manifolds, projection of bursting attractor and its basin of attraction of the Sherman model (1) are shown, in Fig. 1 b) fast-slow manifolds, projection of bursting attractor, projection of phase trajectory going to stable equilibrium and its basins of attraction of modified model (7) are shown. Basin of attraction was constructed using Poincaré section by plane n = 0.02, initial condition of the third variable was chosen exact in equilibrium point, n 0 = 0.00275. How we can see in Fig. 1 b) character S-form fast manifold of the model has additional bending in which the equilibrium point became stable. This bending is determine the area of attraction of equilibrium stable point. Outside of this area there is area of attraction of bursting attractors. How we can see area of attraction of stable equilibrium point is very small, and we can suggest that this attractor is rare attractor. If we take randomly distributed initial conditions inside cube in phase space, which covers both attractors
, then we get the probability of realization of stable equilibrium point equals 5.5%, in the case of increasing of this cube this probability will decrease. In Fig. 1 c) three-dimensional phase portraits of coexisting attractors are shown. The bursting attractor is depicted by purple color, light purple line corresponds to the transition process from initial point located enough far from attractor. The phase trajectory going to the equilibrium point is depicted by red line and dot for the same parameters for what we observe bursting attractor but for another initial conditions. In Fig. 1 d) -e) time series for coexisting regimes in modified model are shown. So we can see that as result of modification in the system coexistence of stable steady state and bursting attractor is possible.
Bistable model with noise.
Then we would like to study influence of noise on the dynamics in our modified model (7) . Then modified model (7) can be written in the next form: N (t) is white noise. In our model we have put noise to the first equation because fluctuations is character for membrane voltage, but not to the probability of opening of ion channels.
It is well-known, that bistable systems demonstrate switching at certain level of noise [19, 20, 21] . And for example, in case when two stable equilibria coexist we can observe alternation of fluctuations near each equilibrium. Let us consider this dynamic in our case.
Parameters of the model (7) we fix in corresponding to (8) . Initial conditions we choose exact in the stable equilibrium point. Then noise with very small intensity induce fluctuations in the vicinity of equilibrium, and it can not reach bursting attractor. If we increase intensity of noise we can realize jump on the bursting attractor (D ≈ 0.125). In Fig. 2 time series for the model (9) at noise D = 0.245 are shown.
For time t = (0 − 250) sec we observe only fluctuations in the vicinity of stable steady state. Then we see jump to bursting attractor. Remark, that at further integration of the model we did not observe jump back to fluctuations in the vicinity of equilibrium. This features connected with: (i) small size of basin of attraction stable equilibrium; (ii) equilibrium point is located enough far from fast-slow nullclines, where is situated bursting attractor; (iii) noise influence on the variable, responding for membrane potential of the cell V , but the equilibrium point is distanced in direction of variable S, so noise fluctuations can not shift trajectory into basin of attraction equilibrium point.
In Fig. 3 another example of time series for less intensity of noise. For less intensity of noise we need more time for jump. But after jump we can not remove our model to the vicinity of equilibrium. So, in this case could not get switching between coexisting regimes.
Conclusion
Thus in the present paper the result of numerical simulations of the model based on the Hodgkin-Huxley formalism with bistability between hidden and rare attractors are presented. We have shown that in this case we can not observe switching between coexisting dynamical regimes. 
